Abstract. It is experimentally known that achiral hyperbolic 3-manifolds are quite sporadic at least among those with small volume, while we can find plenty of them as amphicheiral knot complements in the 3-sphere. In this paper, we show that there exist infinitely many achiral 1-cusped hyperbolic 3-manifolds not homeomorphic to any amphicheiral null-homologous knot complement in any closed achiral 3-manifold.
Introduction
An oriented 3-manifold is said to be achiral 1 if it admits an orientation-reversing self-homeomorphism. As pointed out in [9] , it is experimentally known that achiral hyperbolic 3-manifolds are quite sporadic at least among those with small volume. Similarly, the achiral cusped hyperbolic 3-manifolds obtained by Dehn fillings on the "magic manifold" are quite rare; just the figure-eight knot complement, its sibling, and the complement of the two-bridge link S(10, 3) [9, Proposition 2.9]. For the definition of a Dehn filling, see Section 3.
Among them, the figure-eight sibling 2 is much more special. Precisely, the figureeight sibling admits an orientation-reversing self-homeomorphism h for which there exists a slope γ on a horotorus such that the distance between γ and its image under h is just one. Here a slope is an isotopy class of a non-trivial simple closed curve on a torus, and the distance of two slopes is defined as the minimal intersection number between their representatives.
We note that such a phenomenon does not occur for any amphicheiral nullhomologous knot complement. Here a knot K in an achiral 3-manifold M with an orientation-reversing self-homeomorphism ϕ is said to be amphicheiral (with respect to ϕ) if K is isotopic to ϕ(K) in M . For an amphicheiral null-homologous knot K, with respect to the meridian-preferred longitude system for K, the slope p/q changed to −p/q by the restriction of ϕ to the complement of K since ϕ preserves the meridian-preferred longitude system for K. Note that the distance between the slopes p/q and −p/q is 2|pq|, in particular, it is even. In addition, if |p|, |q| = 0, then the distance is greater than one.
In view of this, it is natural to ask if there exist achiral 3-manifolds not coming from any amphicheiral null-homologous knot complements (other than the figureeight sibling). As the main result in this paper, the following ensures that such 3-manifolds surely exist. Theorem 4.2. There exist infinitely many achiral 1-cusped hyperbolic 3-manifolds each of which is not homeomorphic to any amphicheiral null-homologous knot complement in any closed achiral 3-manifold.
One of our motivations to study such 3-manifolds comes from the research about cosmetic surgeries on knots in [4] . There the achirality of the figure-eight sibling can be observed, and the 3-manifolds in Theorem 4.2 are considered as extensions to it. In fact, the first two authors asked the following in [4, Question 4.1]. Question 1.1. Can we find chirally cosmetic Dehn fillings on an achiral cusped hyperbolic 3-manifold along distance one slopes (other than the figure-eight sibling)?
The 3-manifolds in Theorem 4.2 give an affirmative answer to the above question as follows.
Corollary 4.7. There exist infinitely many achiral 1-cusped hyperbolic 3-manifolds each of which admits chirally cosmetic Dehn fillings along distance one slopes.
We construct our 3-manifolds in Section 2, which are given as the double branched cover of certain 2-string tangles. Then, after recalling the definitions of a Dehn surgery, a Dehn filling, a banding, and the Montesinos trick in Section 3, we show in Section 4 that the interior of the obtained 3-manifolds are hyperbolic by using the Montesinos trick. In the last section, we show that each of our 3-manifolds is realized as the exterior of an amphicheiral knot in some achiral 3-manifold.
Examples
In this section, we construct achiral 3-manifolds by taking the double branched covers over certain "amphicheiral" 2-string tangles. Here, by a 2-string tangle or simply a tangle, we mean a pair consisting of a 3-ball and two properly embedded arcs in the 3-ball.
Let n be an integer with n = 0, 1. Unless otherwise noted, we assume that n = 0, 1 throughout this paper. Let us consider the tangle T n depicted in Figure 1 . Here the box labelled n (resp. −n) indicates n times right-handed (resp. left-handed) half twists (see Figure 2 ). The construction of T n is based on the two-component link proposed by Nikkuni and the third author in [13, Figure 1 .2].
Let M n be the compact oriented 3-manifold with a torus boundary obtained as the double branched cover over T n . Then we have the following. Proposition 2.1. The 3-manifold M n is achiral, and is not homeomorphic to any amphicheiral null-homologous knot exterior in any closed achiral 3-manifold.
Here for a knot K in a 3-manifold M , we denote by N (K) an open tubular neighborhood of K, and the exterior, denoted by E(K), of K is defined as M \N (K). Note that the interior of E(K) is homeomorphic to the complement, M \ K, of K. Proof of Proposition 2.1. Let m be the map mirroring T n along the plane of the paper, and let T n ! = m(T n ). Notice that T n ! is the tangle obtained from T n by performing crossing changes at all the crossings. Let M n ! be the oriented 3-manifold obtained as the double branched cover over T n !. Then the lift m : M n → M n ! is an orientation-reversing homeomorphism. On the other hand, since T n is obtained by a π/2-rotation from T n !, M n ! is orientation-preservingly homeomorphic to M n . Therefore M n admits an orientation-reversing self-homeomorphism h = r• m, where r : M n ! → M n is the lift of the π/2-rotation r : T n ! → T n . This implies that M n is achiral. On the torus boundary ∂M n of M n , we consider the two slopes µ and λ appearing as the preimage of the two loops µ and λ depicted in Figure 1 respectively. Then the distance between µ and λ is just one. Since r • m(µ) = λ, we have h( µ) = λ. Then, as explained in Section 1, M n is not homeomorphic to any amphicheiral null-homologous knot exterior in any closed achiral 3-manifold.
Dehn surgery, banding, and Montesinos trick
In this section, we give a review on a Dehn surgery, a Dehn filling, a banding, and the Montesinos trick, to show that the interior of M n is hyperbolic for n = 0, 1.
3.1. Dehn surgery. Let K be a knot in a closed oriented 3-manifold M with the exterior E(K). Let γ be a slope on the boundary torus ∂E(K). Then, the Dehn surgery on K along γ is defined as the following operation: Glue a solid torus V to E(K) such that a simple closed curve representing γ bounds a meridian disk in V . We denote by K(γ) the obtained 3-manifold. It is said that the Dehn surgery along the meridional slope is the trivial Dehn surgery. Also it is said that a Dehn surgery along a slope which is represented by a simple closed curve intersecting the meridian at a single point is an integral Dehn surgery.
In the case where K is null-homologous in M , we have the well-known bijective correspondence between Q∪{1/0} and the set of slopes on ∂E(K), which is given by using the meridian-preferred longitude system for K. When the slope γ corresponds to r ∈ Q ∪ {1/0}, then the Dehn surgery on K along γ is said to be the r-surgery on K, and the obtained 3-manifold is denoted by K(r). In this case, an integral Dehn surgery corresponds to an n-surgery with an integer n.
Two Dehn surgeries on a knot K along two slopes are said to be chirally cosmetic 3 if two obtained 3-manifolds are orientation-reversingly homeomorphic.
3.2. Dehn filling. While there are some overlaps with notions on Dehn surgery, here we briefly review a Dehn filling. Let M be a compact connected oriented 3-manifold with a torus boundary ∂M , and γ a slope on ∂M . The Dehn filling on M along γ is the operation gluing a solid torus V to M so that a simple closed curve representing γ bounds a meridian disk in V . As in the case for a Dehn surgery, if we have the correspondence between the slope γ and r ∈ Q ∪ {1/0} using the meridian-preferred longitude system, then the Dehn filling on M along γ is said to be the r-Dehn filling on M . Two Dehn fillings on M along two slopes are said to be chirally cosmetic if the resultants are orientation-reversingly homeomorphic. For recent studies on chirally cosmetic Dehn fillings, we refer the reader to [4, 5, 6, 12] Remark 3.1. On performing a banding, it is often assumed the compatibility of orientations of the original link and the obtained link, but in this paper, we do not assume that. Also note that this operation for a knot yielding a knot appears as the n = 2 case of the H(n)-move on a knot, which was introduced in [3] .
It is well-known that a rational tangle is determined by the meridional disk in the tangle. The boundary curve of the meridional disk is parameterized by an element of Q ∪ {1/0}, called a slope of the rational tangle. A rational tangle is said to be integral if the slope is an integer or 1/0. For brevity, we call an integral tangle with a slope n an n-tangle.
A banding can be regarded as an operation replacing a 1/0-tangle into an ntangle. Then we call this banding an n-banding.
A banding on a link L is said to be chirally cosmetic if the link obtained from L by the banding is ambient isotopic to the mirror image L! of L in S 3 .
Montesinos trick.
We here recall the Montesinos trick originally introduced in [11] . Let Σ be the double branched cover of S 3 branched along a link L ⊂ S 3 . Let K be a knot in Σ, which is strongly invertible with respect to the preimageL of L, that is, there is an orientation preserving involution of Σ with the quotient S 
Hyperbolicity
In this section, we show that the interior of our 3-manifolds M n given in Section 2 are hyperbolic, and prove our main theorem. Let K n be the link in S 3 obtained by closing the tangle T n as shown in Figure 3 . Proof of Proposition 4.1. One can diagrammatically check that K n is the twobridge knot (or link) with Conway's normal form C(n, n, −1, n, n). Calculating the continued fraction, we have 1 n + 1
We note that K n is a two-bridge knot when n is even, and a two-bridge link when n is odd. Also note that K 2 = S(5, 1) is the (2, 5)-torus knot.
As shown in Figure 4 , each of K n admits a chirally cosmetic banding. In particular, for K 2 , this chirally cosmetic banding was essentially discovered by Zeković [15] , 0 = −n n n −n −n n n −n n −n −n n Figure 4 . The 0-banding on K n yields the mirror image K n !.
and pointed out by the first two authors that the upstairs of this banding corresponds to the chirally cosmetic filling on the figure-eight sibling, see [4, Section 4] . Let Σ n be the lens space of type (n 4 − 2n 3 + 2n 2 − 2n + 1, n 3 − 2n 2 + n − 1) which is obtained as the double branched cover of S 3 branched along K n . Since n = 0, 1, Σ n is not homeomorphic to S 3 or S 2 × S 1 . Then we obtain the following.
Theorem 4.2.
There exist infinitely many achiral 1-cusped hyperbolic 3-manifolds each of which is not homeomorphic to any amphicheiral null-homologous knot complement in any closed achiral 3-manifold.
Proof. Applying the isotopic deformation and the Montesinos trick conversely to the chirally cosmetic banding on K n shown in Figure 4 , by Proposition 4.1, we obtain a surgery descriptions of Σ n and −Σ n as in Figure 5 . That is, the trivial Dehn surgery and the 0-surgery on the red component in Figure 5 yield Σ n and −Σ n respectively. Drilling along the red component, we obtain the surgery description of the 3-manifold with a torus boundary M n as in Figure 6 , which is already constructed in Section 2. Then M n is the exterior of a knot in Σ n , which admits chirally cosmetic Dehn fillings along distance one slopes.
By the classification of cosmetic surgeries on a non-hyperbolic knot in a lens space due to Matignon [10] , we see that the interior of M n is hyperbolic. In fact, for a non-hyperbolic knot J in a lens space other than S 3 or S 2 × S 1 , if the trivial Dehn surgery and the r-surgery on J are chirally cosmetic, then r = 0, see [10, Theorems 3.2 and 4.1] .
It is enough to show that if n = n ′ , then M n is not homeomorphic to M n ′ . Then the following lemma completes the proof.
Proof. Let X be the exterior of the 6-components link in S 3 as in Figure 7 . Taking representatives of meridians x, a, b, c, d, e as in Figure 7 , we have Reading off the slopes from Figure 6 , we see that suitable Dehn fillings on the five boundaries supply the following relations.
as the presentation matrix of H 1 (M n ; Z). Reducing the matrix by the elementary operations on presentation matrices of modules (for example see [7, Lemma 7.2 .1]), we see that the previous matrix is equivalent to 
Remark 4.5. For any null-homologous knot J in an oriented closed 3-manifold Y , we have
. Each of our 3-manifolds M n is the exterior of a knot, say J n , in the lens space Σ n . By Lemma 4.3, one can also see that J n is not null-homologous in Σ n since H 1 (Σ n ; Z) = Z n 4 −2n 3 +2n 2 −2n+1 . In the case where n = 2, we have n 4 − 2n 3 + 2n 2 − 2n + 1 = n 3 − n 2 + n − 1 = 5. This case corresponds to the chirally cosmetic fillings on the figure-eight sibling introduced in Section 1. Thus, the knot J 2 is also not null-homologous in Σ 2 . Remark 4.6. As shown in Figure 8 , we can see directly that the 0-surgery on the red component in Figure 6 changes Σ n to −Σ n .
As in the proof of Theorem 4.2, M n admits chirally cosmetic Dehn fillings along distance one slopes. Thus, we have the following. Corollary 4.7. There exist infinitely many achiral 1-cusped hyperbolic 3-manifolds each of which admits chirally cosmetic Dehn fillings along distance one slopes.
Realizing M n as an amphicheiral knot complement
In this section, we show the following.
Proposition 5.1. Each of our 3-manifolds M n can be realized as the exterior of an amphicheiral knot in some achiral 3-manifold.
Note that such an amphicheiral knot is not null-homologous. Proof of Proposition 5.1. As in Sections 2 and 4, the meridian on ∂M n is µ, and we can choose the longitude on ∂M n as λ corresponding to 0/1. With respect to this meridian-longitude system, we see that the two slopes corresponding to 1/1 and −1/1 are invariant via the orientation-reversing self-homeomorphism h = r • m on M n , see Figure 9 . Let N ± n be the closed oriented 3-manifold obtained from M n by ±1/1-Dehn filling respectively. Since the core curve c of the attached solid torus V intersects a meridian disk of V once, h extends to V , and thus, h extends to N ± n . This implies that N ± n is achiral. Further, for the knot k in N ± n , which corresponds to the core c, k is an amphicheiral knot in N ± n and the exterior of k is homeomorphic to M n . n −n n −n −n n −n n n −n n −n m r Figure 9 . The red loop corresponding to the slope 1/1 on ∂T n is invariant via r • m.
